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< <For complex numbers z with z y 1 F r, r - 1, we consider the weightedj j
Ž n y1.y1 n l j nmeans H [ Ý l z , G [ Ł z , and A [ Ý l z . We prove, amongjs1 j j js1 j js1 j j
other results, that
< <A
2 < < < <1 y r A F H FŽ . 21 y r
and
< <1 y r 1 q r 1 y r 1 q r G
< < < <ln exp 1 y ln G F H F .ž / ž / 22 r 1 y r 2 r 1 y r '1 y r
Q 2000 Academic Press
INTRODUCTION AND STATEMENT OF THE RESULTS
The inequality
n n1
1r nz F z , 0 - z , n s 1, 2, . . . 1Ž .Ł Ýj j jnjs1 js1
is a most distinguished result of the general theory of inequalities and
Ž w x.many different and beautiful proofs and generalizations see 1 are
known.
1 Ž .The author acknowledges support of FCAR Quebec .Â
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Ž .In this paper we shall be concerned with analogues of 1 in the case
where the quantities z are assumed to represent complex numbers. Let lj j
Ž n y1.y1be positive numbers whose sum is 1 and H [ Ý l z , G [js1 j j
Ł n z l j, and A [ Ýn l z represent respectively the harmonic, geomet-js1 j js1 j j
 4  4ric, and arithmetic means of the numbers z with weights l ; assumingj j
< <the complex numbers z to satisfy z y 1 F r - 1, we wish to obtainj j
bounds for the modulus of H in terms of A and G. Our main results are
THEOREM 1.
< <A
2 < < < <1 y r A F H F .Ž . 21 y r
THEOREM 2.
< < < 2 < < < < 2 <A y 1 y r y A A q 1 y r y A
< <F H F .
< < < <1 q A y 1 1 y A y 1
THEOREM 3.
< <1 y r 1 q r 1 y r 1 q r G
< < < <ln exp 1 y ln G F H F .ž / ž / 2'2 r 1 y r 2 r 1 y r 1 y r
THEOREM 4.
< < < < 2G G
2 < <1 y r F H F .Ž . 2 1 y r< <1 y G y 1
All of our results are sharp and it should be noted that the bounds given
< <for H in Theorems 1 and 2 cannot in general be compared and the same
comment applies for Theorems 3 and 4. Results of this type are relatively
new and we only mention the inequality
2 < <1 y r A
< <F G F 2Ž .
2< < '2 y A 1 y r
w xobtained recently in 3 .
Our work is based on geometric function theory and we wish to give a
short survey of the classes of functions we shall use. Let D denote the unit
 < < 4 Ž .disc z ‹ z - 1 of the complex plane C and H D the space of analytic
functions in D, endowed with the topology of uniform convergence on
 Ž . < Ž . < < < 4compact subsets of D. Let B s w g H D ‹ w z F z , z g D , the class
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of bounded functions, and for 0 F a - 1
zf X zŽ .
X<S s f g H D f 0 s f 0 y 1 s 0 and Re ) a , z g D ,Ž . Ž . Ž .a ½ 5ž /f zŽ .
the class of starlike functions of order a . The set of functions f of the type
n n
Ž .2 1ya l j < <f z s z 1 q x z , x F 1, l G 0, l s 1, n G 1Ž . Ž .Ł Ýj j j j
js1 js1
is a dense subset of S . Finally we shall usea
<C s f g S f D is convex ,Ž . 41r2
XŽ .the class of convex functions. It is known that f g C m zf z g S . We0
w xrefer to the book of Duren 2 for more complete information concerning
these classes of functions and basic facts concerning geometric function
theory.
1. PROOF OF THEOREM 1
< <We have, writing z s 1 q x r, x F 1,j j j
n n1 l l 1j js G cos argÝ Ý ž /< < ž /H 1 q x r 1 q x r 1 q x rj j jjs1 js1
n l j2'G 1 y r Ý < <1 q x rjjs1
n
yl2 j' < <G 1 y r 1 q x r 3Ž .Ł j
js1
and
n n
< < < <A s l 1 q x r G l 1 q x r cos arg 1 q x rŽ . Ž .Ž .Ý Ýj j j j j
js1 js1
n
2' < <G 1 y r l 1 q x rÝ j j
js1
n
l2 j' < <G 1 y r 1 q x r , 4Ž .Ł j
js1
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where we have made use of the ``real'' geometric]arithmetic means
Ž . Ž . < < < < Žinequality. Upon multiplication of 3 and 4 we obtain H F A r 1 y
2 2 iu'.r . This last inequality is sharp: if z s 1 q x r s 1 y r e with cos u1 1
12's 1 y r , z s z , l s l s , and n s 2. We have2 1 1 2 2
< <H 1 1
s s .2 2< <A cos u 1 y r
Ž . < <Any function of the type F z s zr1 y xz, x F 1, belongs to C and
Ž .this simple fact can be used to prove that the set of functions 1r 1 y w
defined as
n n1 li
< <s , z g D, x F 1, l G 0, l s 1Ý Ýj j j1 y w z 1 y x zŽ . jjs1 js1
 Ž . < 4is dense in P s F g H D 1 y 1rF g B . It follows that the inequality1r2
< < < < Ž 2 .H F A r 1 y r amounts to
X1 y w 0 zŽ . 2< <G 1 y z , z g D, w g B. 5Ž .
1 y w zŽ .
We shall now prove that
X1 y w 0 z 1Ž .
F , z g D, w g B, 6Ž .21 y w z < <Ž . 1 y z
which is of course equivalent to
< < 2 < <H G 1 y r A . 7Ž . Ž .
Let w g B such that
Xw z rz y w 0Ž . Ž .
< < < <w z - z and - z , z g D. 8Ž . Ž .X1 y w 0 w z rzŽ . Ž .
By the Schwarz lemma, this means that we assume
zeif q a
< <w z k z where f g R and a F 1.Ž . if1 q aze
Also let z g D, z / 0, and Z g D such that
X< < < < < < < <w z - Z - z and w 0 z - Z - z . 9Ž . Ž . Ž .
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We consider a function W defined byn
Xz y Z r 1 y Zz n q w 0 zrZŽ . Ž . Ž .Ž .
< <W z ’ z , n - 1.Ž .n X1 q w 0 zrZ z y Z r 1 y Zz nŽ . Ž . Ž .Ž . Ž .
Ž . Ž . XŽ .Clearly, by 9 , W g B, W Z s w 0 z , andn n
yZn q wX 0 zrZŽ .
XW 0 s .Ž .n X1 y w 0 zrZ ZnŽ .Ž .
XŽ . Ž .We would also like to have W 0 s w z rZ. This is equivalent ton
1 w z rZ y wX 0 rZzŽ . Ž .
n s y XZ 1 y w 0 rZz w z rZŽ . Ž .Ž .
Ž .and all we need is to choose Z according to 9 and
X1 w z rZ y w 0 rZ zŽ . Ž .Ž .
- 1. 10Ž .X< <Z 1 y w 0 rZ zw z rZŽ . Ž .Ž .
Ž .But the left-hand side of inequality 10 is a continuous function of
w x Ž . Ž .Z g rz , z here r is positive and close enough to 1 and, according to 8 ,
Ž .10 holds if Z s z ; it must therefore also hold from some Z strictly inside
Ž . Ž .the segment from rz to z . It follows from 5 and 9 that
X1 y w 0 z 1 y W Z 1 1Ž . Ž .ns F - ;X 2 21 y w z 1 y W 0 Z < < < <Ž . Ž . 1 y Z 1 y zn
Ž . Ž . Ž .i.e., 6 holds for all functions w in B which satisfy 8 and by continuity 6
Ž .holds for all w g B. The inequality 7 is valid and sharp: if z s 1 q r,1
1z s 1 y r, l s l s , and n s 2 we have2 1 2 2
< <H
2s 1 y r .
< <A
2. PROOF OF THEOREM 2
< XŽ . < < Ž . <Our proof rests on another type of evaluation of 1 y w 0 z r1 y w z
Ž . X Ž .n z q w 0Ž . Xwhen w g B. We write w z s z , where n g B. ThenŽ . Ž .1 y w 0 n z
X X X1 y w 0 z 1 q w 0 n zŽ . Ž . Ž .
s .X X1 y w z 1 y z y w 0 r 1 y w 0 z n zŽ . Ž . Ž . Ž .Ž .Ž .Ž .
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X X XŽ . Ž Ž . .Therefore, with a s w 0 z and b s z z y w 0 r 1 y w 0 z , elemen-Ž . Ž .
tary properties of Mobius transforms yieldÈ
X < < < < < <1 y w 0 z 1 q ab q a q b 1 q aŽ .
F F2 < <1 y w z 1 y b< <Ž . 1 y b
and
2X < < < < < < < <1 y w 0 z 1 q ab y a q b 1 y a 1 y aŽ .
G s G .2 < << < < <1 y w z 1 q b< <Ž . 1 q ab q a q b1 y b
Let us define a function w g B by
n1 l js ;Ý1 y w z 1 q x zŽ . jjs1
XŽ . n Ž .then 1 y w 0 z s Ý l 1 q x z and the above inequalities givejy1 j j
X< < < < < <1 y A y 1 1 y w 0 r A 1 q A y 1Ž .
F s F ,2 2< << < < < < < < <1 y w r H1 q 1 y r y A r A 1 y 1 y r y A r AŽ .
which is equivalent to the statement of Theorem 2. These inequalities are
1sharp: if z s 1 q ir, z s 1 y ir, l s l s , and n s 2, we have A s 11 2 1 2 2
and
< < < 2 <A q 1 y r y A
2 < <s 1 q r s H ;
< <1 y A y 1
1if z s 1 q r, z s 1 y r, l s l s , and n s 2, we have A s 1 and1 2 1 2 2
< < < 2 <A y 1 y r y A
2 < <s 1 y r s H .
< <1 q A y 1
< XŽ . < < Ž . <We remark that a more careful evaluation of 1 y w 0 z r1 y w z
would lead to the following improvement of Theorem 2,
< < 2 < 2 < 2A y 1 y r y A
< <F H ,22 2< < < < < < < <r y A y 1 q A q A y 1 1 y r y A
2 < < 2 < < < < < 2 <r y A y 1 q A q A y 1 1 y r y A
< <H F .2< <1 y A y 1
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The above inequalities are also sharp but in some sense ``heavier'' than
those given by Theorem 2.
< Ž . < < <Ž < < < XŽ . <. Ž < XŽ . < < <.Finally the estimate w z F z z q w 0 r 1 q w 0 z , valid for
< <all z g D and w g B, also leads to estimations of H in terms of A; since
X1 q w 0 z 1 1Ž .
F F2X 1 q w z 1 y w z< < Ž . Ž .1 q 2 w 0 z q zŽ .
X1 1 q w 0 zŽ .
F F , z g D,21 y w z < <Ž . 1 y z
we shall obtain the sharp inequalities
2 < < 21 y r 1 q 2 A y 1 q r
< <F H F ,
< < < <1 q A y 1 1 q A y 1
whose main feature lies in the fact that
2 < < 21 y r 1 q 2 A y 1 q r
1 y r F and F 1 q r .
< < < <1 q A y 1 1 q A y 1
3. PROOF OF THEOREM 3
< < < < Ž 2 . Ž Ž .. < < < <While proving H F A r 1 y r , we obtained see 3 H F G r
2'1 y r . It is easily checked that equality holds when equality holds in
< < < < Ž 2 . Ž . n Ž .l jH F A r 1 y r . Note that, for the functions f z s zrŁ 1 y x zjs1 j
g S , this inequality implies1r2
Xf zŽ .2 2' < <1 y z F z , z g D,2f zŽ .
Žand by density this last result must be valid for all f g S this was1r2
w x.already noticed by Hall 4 .
< 2 XŽ . Ž .2 <We now wish to compute sup z f z rf z . According to a resultf g S1r2
w xof Pinchuk 6 , it is sufficient to consider functions
z
F z s g SŽ . 1r2l 1yl1 q xz 1 q yzŽ . Ž .
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1with x, y g D and 0 F l F . For such functions2
ly1 lXF z 1 q xz 1 q xzŽ .
2z s l q 1 y lŽ .2 ž / ž /1 q yz 1 q yzF zŽ .
ly1 l1 q xz 1 q xz
F l q 1 y l , 11Ž . Ž .
1 q yz 1 q yz
and it is clear that
X < < < <f z 1 y z 1 q zŽ .
2sup z s sup max U , Ul l2 ž / ž /ž /< < < <1 q z 1 y zf zŽ .fgS 0FlF1r21r2
Ž . ly1 Ž . lbecause the function U t [ lt q 1 y l t attains its minimum forl
t ) 0 at t s 1, which is the only critical point of that function for t ) 0.
Let us now prove that
< < < <1 q z 1 y z 1
U F U if 0 F l F .l lž / ž /< < < <1 y z 1 q z 2
A simple calculation shows the last statement amounts to
< < < <1 q 1 y 2l z 1 q zŽ .
ln F 1 y 2l lnŽ . ž /ž /< < < <1 y 1 y 2l z 1 y zŽ .
and this last inequality is obviously true as can be seen from the power
series
‘ 2 nq1 ‘ 2 nq1< < < <z z2 nq11 y 2l F 1 y 2l .Ž . Ž .Ý Ý2n q 1 2n q 1ns0 ns0
Therefore
ly1 lX2 < < < <z F z 1 y z 1 y zŽ .
sup s sup l q 1 y l .Ž .2 ž / ž /< < < <1 q z 1 q zF zŽ .FgS w xlg 0, 1r21r2
Ž . sŽ1yl. Ž . ys l ys < <Let us write n l s le q 1 y l e , where e s 1 y z r1 q
< <z . Since
e s y s y 1
X s yl sn l s s e y 1 e y lŽ . Ž . sž /s e y 1Ž .
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1s sŽ .and since 0 - e y s y 1rs e y 1 - for all s ) 0, it becomes clear2
that
X sf z e y s y 1Ž .
2sup z s n s2 ž /s e y 1Ž .f zŽ .fgS1r2
< <2 z
s
< < < < < <1 y z ln 1 q z r 1 y zŽ . Ž . Ž .Ž .
< < < <1 y z 1 q z
= exp y1 q lnž /< < < <2 z 1 y z
and by considering
X X < <F r rF r r GŽ . Ž .
2r s s2 < <F r F r HŽ . Ž .F rŽ .
Ž . n Ž .yl jwith F z s zŁ 1 q x z g S , we obtain the sharp left-hand sidejs1 j 1r2
inequality in the statement of Theorem 3.
4. PROOF OF THEOREM 4
Ž . Ž . Ž YŽ . XŽ .. Ž Ž ..Let L z [ yln 1 y z ; since Re 1 q zL z rL z s Re 1r 1 y z
1 n l jŽ .) , the function L belongs to C and any function as Ł 1 q x zjs1 j2
admits a representation
n
l j1 q x z s 1 q w z , z g D, w g B.Ž .Ž .Ł j
js1
Therefore
G
Xs 1 q w r y rw rŽ . Ž .
H
XF rw r y w r q 1Ž . Ž .
2 2 22 < <r y w r 1 y w r 1 y G y 1Ž . Ž .
F q 1 s s ,2 2 21 y r 1 y r 1 y r
< XŽ . Ž . < Žwwhere we have used Dieudonne's lemma to estimate rw r y w r 2, p.Â
x.198 . The inequality is sharp as seen from the case where all numbers zj
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< <are equal to 1 q xr with x s 1: then
< < 2 < < 2 21 y G y 1 1 y x r G
s s 1 s .2 2 H1 y r 1 y r
Ž . n Ž .2 l jThe functions f z s zrŁ 1 q x z satisfyjs1 j
X nzf z 1 y x zŽ . j
Re s Re lÝ jž / ž /f z 1 q x zŽ . jjs1
w xand belong to the class S . According to a result of Singh 70
2 X X< <1 y z f z f zŽ . Ž .
f z F Re z F z , z g D.Ž . ž /< <z f z f zŽ . Ž .
XŽ . Ž . Ž . 2Since rf r rf r s y1 q 2rH and rrf r s G , we obtain
< <2 2 y H 1 q r2 2 22 < < < < < <1 y r F y1 q G s G F G .
< < < <H H H
< < < < 2Clearly H F G r1 y r and equality shall hold if all numbers z equalj
1 y r.
5. CONCLUDING REMARKS
We wish to end this paper with some remarks concerning the inequali-
Ž .ties in 2 : in some sense these inequalities are unsatisfactory because of
asymmetries in their formulation; it would be, for example, desirable to
< < < <obtain a lower bound for the quotient G r A .
Ž . ‘ Ž . n Ž . Ž .Consider functions f z [ z q Ý a f z g S and g z [ f z rns2 n 1r2
Ž Ž . . < Ž . < Ž .1 q a f z ; since a f F 1, we have g g H D and2 2
gX z a f z f X zŽ . Ž . Ž .2
Re z s yRe q Re zž / ž /ž /g z 1 q a f z f zŽ . Ž . Ž .2
1 f X zŽ .
) y q Re z ) 0, z g D,ž /2 f zŽ .
Ž . Ž Ž . 2Ž .. 3i.e., g g S and g z s z q a f y a f z q ??? . It follows that0 3 2
XŽ . Ž . Ž Ž .. Ž Ž .. < Ž . < < < 2zg z rg z s 1 q w z r 1 y w z , where w g B and w z F z . A
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standard integration procedure yields
< < < <z z
F g z F , z g DŽ .2 2< < < <1 q z 1 y z
or equivalently
1 q a f z f z 1 q a f zŽ . Ž . Ž .2 2F F , z g D. 12Ž .2 2z< < < <1 q z 1 y z
Ž . n Ž .yl j Ž . nWe now let f z s zŁ 1 q x z . Then a f s yÝ l x andjs1 j 2 js1 j j
< Ž . < < < Ž .1 q a f r s 2 y A . Therefore, in terms of means, we may express 122
as
1 y r 2 1 q r 2
< <1 y r F F G F . 13Ž .
< < < <2 y A 2 y A
The above inequalities are easily seen to be sharp and in some sense look
Ž .``better'' than 2 .
Since
n< <A Ý l 1 q x rŽ .js1 j js ,
l jn< <G Ł 1 q x rŽ .js1 j
< < < <it is clear that the best upper bound available for A r G should be
f rŽ .
sup 1 q a f r ,Ž .Ž .2 rfgS1r2
which is clearly the same as
X'sup 1 q a g r g r . 14Ž . Ž . Ž .Ž .2
ggC
w x Ž .According to a recent result of Ma 5 , to compute 14 we may restrict
ourselves to functions g g C of the type
z yl yl yl1 2 3g z s 1 q x z 1 q x z 1 q x z dz , 15Ž . Ž . Ž . Ž . Ž .H 1 2 z
0
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Žand we must find an upper bound for from now on we shall only sketch
.our reasoning :
l 1 q x r q l 1 q x r q l 1 q x rŽ . Ž . Ž .1 1 2 2 3 3
,
l l l1 2 31 q x r 1 q x r 1 q x rŽ . Ž . Ž .1 2 3
which is bounded above by
l 1yl yl y1ql 1yl yl2 1 2 2 1 21 q x r 1 q x r 1 q x r 1 q x r1 1 1 1
l q l1 21 q x r 1 q x r 1 q x r 1 q x r2 3 2 3
l yl yl2 1 21 q x r 1 q x r1 1q 1 y l y l .Ž .1 2 1 q x r 1 q x r2 3
We assume that 0 - l , l , l q l - 1. The function1 2 1 2
M u , ¤ s l ul2 ¤ 1yl1yl 2 q l uy1ql2 ¤ 1yl1yl 2 q 1 y l y l ul2 ¤yl1yl 2Ž . Ž .1 2 1 2
of two real variables has only one critical point in the interior of the
rectangle
1 y r 1 q r 1 y r 1 q r
R s , = , ,
1 q r 1 y r 1 q r 1 y r
Ž .namely at u s ¤ s 1. Since obviously the expression 14 is greater than
Ž .1 s M 1, 1 , we have
X'sup 1 q a g z g z F sup M u , ¤ . 16Ž . Ž . Ž . Ž .Ž .2
ggC Ž .u , ¤ g› R
< <z sr
Ž .It is then a matter of routine to show that the right-hand side of 16
indeed equals
1 y r 1 y r 1 y r 1 q r 1 q r 1 q r
max M , , M , 1 , M , 1 , M , .ž / ž / ž / ž /ž /1 q r 1 q r 1 q r 1 y r 1 y r 1 y r
Ž .In other words, equality now holds in 16 and we may assume that two of
Ž .the x 's in 15 are equal. But in that case, as shown in the proof ofj
Ž Ž ..Theorem 3 see 11 ,
Xf rŽ .
X 2'sup 1 q a g r g r s sup rŽ . Ž .Ž .2 2f rŽ .ggC fgS1r2
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and we have the sharp inequality
< <1 y r 1 q r 1 y r 1 q r A
< < < <ln exp 1 y ln A F G F . 17Ž .ž / ž /ž / 2'2 r 1 y r 2 r 1 y r 1 y r
We proved the above inequality this way to illustrate our point of view;
i.e., geometric function theory can be used to generate inequalities be-
tween various means in the complex plane. However, we note that each
< < Ž . Ždisc z y 1 F r - 1 is invariant under the transformation T z s 1 y
2 . Ž .r rz. This observation makes it clear that 17 is merely another formula-
tion of Theorem 3. The same observation also leads to new inequalities
from old ones; for example,
< < < 2 < < < < 2 <H y 1 y r y H H q 1 y r y H
< <F A F
< < < <1 q H y 1 1 y H y 1
and
< < 2 < < < 2 <G G q 1 y r q G
< <F A F
< <1 q r G
follow respectively from Theorem 2 and Theorem 4.
REFERENCES
1. P. S. Bullen, D. S. Mitrinovic, and P. M. Vasic, ``Means and Their Inequalities,'' Reidel,Â Â
Dordrecht, 1988.
2. P. Duren, ``Univalent Functions,'' Springer-Verlag, New York, 1983.
3. R. Fournier, Extensions of the geometric]arithmetic means inequality to a disc of the
Ž .complex plane, Math. Ineq. Appl. 2 1999 , 19]24.
Ž .4. R. R. Hall, On a conjecture of Clunie and Sheil-Small, Bull. London Math. Soc. 12 1980 ,
25]28.
5. Y. Ma, ``Julia Variations for External Problems of Convex Univalent Functions,'' thesis,
Universitat Wurzburg, 1997.È È
Ž .6. B. Pinchuk, On starlike and convex functions of order a , Duke Math. J. 35 1968 ,
721]734.
7. V. Singh, Bounds on the curvature of level lines under certain classes of locally univalent
Ž .mappings, Indian J. Pure Appl. Math. 10 1979 , 129]144.
